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In this paper, we explicitly evaluate the one-shot quantum non-signalling assisted zero-error clas-
sical capacities MQNS0 for qubit channels. In particular, we show that for nonunital qubit channels,
M
QNS
0 = 1, which implies that in the one-shot setting, nonunital qubit channels cannot transmit
any information with zero probability of error even when assisted by quantum non-signalling corre-
lations. Furthermore, we show that for qubit channels, MQNS0 equals to the one-shot entanglement-
assisted zero-error classical capacities. This means that for a single use of a qubit channel, quantum
non-signalling correlations are not more powerful than shared entanglement.
PACS numbers: 03.67.Hk
I. INTRODUCTION
While the ordinary channel capacity allows errors
which can be made arbitrarily small in sufficiently many
channel uses, the zero-error channel capacity does not
allow any error. Thus, in many situations that no er-
ror is tolerated or only a small number of channel uses
are available, it is important to consider the zero-error
channel capacity [1].
Additional resources as correlations between sender
and receiver in a channel can be used for communica-
tion, and they may increase its channel capacity. Indeed,
it has been known that shared entanglement can increase
zero-error capacities of both classical channels [2, 3] and
quantum channels [4]. However, we cannot send infor-
mation by only using the shared entanglement without
any additional classical/quantum channel. For example,
the dense coding [5] and the quantum teleportation [6]
use shared entanglement as a resource, but both of them
need a classical/quantum channel through which infor-
mation can be sent. As more general resources, classi-
cal and quantum non-signalling (QNS) correlations have
been introduced in Ref. [7] and Ref. [8], respectively. In
particular, QNS correlations can be viewed as bipartite
quantum channels from A1⊗B1 to A2⊗B2 through which
the parties A and B cannot send any information to each
other. Thus, it is said to be quantum non-signalling
correlations, and shared entanglement and classical non-
signalling correlations can be regarded as special cases of
QNS correlations.
We here take into account the QNS assisted zero-error
classical capacity of qubit channels. For qubit channels,
the one-shot zero-error classical capacity cannot be su-
peractivated [9] (in fact, it also holds for qutrit chan-
nels [10]), although the superactivation of quantum chan-
nels is a peculiar quantum effect with no classical ana-
logue [4, 11]. In addition, regularization is not neces-
sary for the (asymptotic) zero-error classical capacity of
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qubit channels and even for the entanglement-assisted
zero-error classical capacity [12]. From these properties,
we may think that qubit channels have somewhat differ-
ent properties from higher dimensional cases.
In this paper, we evaluate explicitly the one-shot QNS
assisted zero-error classical capacities MQNS0 for qubit
channels. For unital qubit channels, it is not so hard to
calculate MQNS0 unlike nonunital case. Here, we show
that MQNS0 = 1 for any nonunital qubit channel. In
other words, nonunital qubit channels cannot transmit
any information with zero probability of error when as-
sisted by entanglement, or even when assisted by QNS
correlations in the one-shot setting. Moreover, we show
that for qubit channels, MQNS0 equals to the one-shot
entanglement-assisted zero-error classical capacityMSE0 .
This means that QNS correlations are not more power-
ful than shared entanglement for a single use of a qubit
channel.
This paper is organized as follows. In Section II, we
evaluate the one-shot QNS assisted zero-error classical
capacities for qubit channels. In Section III, we show
that for qubit channels, MQNS0 equals to MSE0 . Finally,
we summarize our results and conclude with discussion
in Section IV.
II. THE ONE-SHOT QNS ASSISTED
ZERO-ERROR CLASSICAL CAPACITIES OF
QUBIT CHANNELS
In this section, we explicitly calculate the one-shot
QNS assisted zero-error classical capacities of Pauli chan-
nels and nonunital qubit channels using the formula in
Ref. [8]. Since any unital qubit channel is unitarily equiv-
alent to a Pauli channel [13], it is sufficient to consider
Pauli channels rather than all unital qubit channels.
It is known [8] that one can calculate the one-shot QNS
assisted zero-error classical capacities MQNS0 by some
semi-definite programming (SDP) as follows.
Lemma 1. For a given quantum channel N from a quan-
tum system A to a quantum system B, let Υ(N ) be the
2quantity obtained from the following SDP:
Υ(N ) = maxTrSA, (1)
where the maximum is taken over all SA’s satisfying
0 ≤ UAB ≤ SA ⊗ IB , (2)
TrA UAB = IB, (3)
TrPAB(SA ⊗ IB − UAB) = 0. (4)
Here, PAB is the projection onto the support of the Choi-
Jamio lkowski (CJ) matrix (I⊗N ) |Φ〉AB 〈Φ| of N , where|Φ〉AB =
∑
k |k〉A |k〉B be the unnormalized maximally
entangled state. Then MQNS0 (N ) is the integer part
⌊Υ(N )⌋ of the quantity Υ(N ).
We note that since Υ(N ) essentially depends on the
projection PAB, Υ(N ) can be also denoted by Υ(PAB).
A. Pauli channels
We first consider Pauli channels defined as follows.
Definition 2. For a probability distribution {pij}, the
Pauli channel NP is defined by
NP (ρ) ≡
1∑
i,j=0
pijX
iZjρ(X iZj)†, (5)
where X ≡∑1j=0 |j ⊕ 1〉 〈j| and Z ≡∑1j=0(−1)j |j〉 〈j|.
Lemma 3. Assume that both A and B are two-
dimensional quantum systems, and let PAB be the pro-
jection defined as
PAB =
k∑
i=1
|φi〉AB 〈φi| , (6)
where |φi〉’s are mutually orthogonal and maximally en-
tangled states. Then Υ(PAB) = 4/k.
Proof. For any SA and UAB satisfying the constraints (2),
(3), and (4),
kTrSA = 2TrPABUAB ≤ 2TrUAB = 2Tr IB = 4.
Thus we can obtain the inequality TrSA ≤ 4/k. We now
take (2/k)IA as SA and (2/k)PAB as UAB. Then it can
be readily seen that the constraints (2), (3), and (4) hold,
and Tr((2/k)IA) = 4/k. Hence, Υ(PAB) = 4/k.
Using the above lemma, we can obtain explicit values
of Υ for Pauli channels.
Theorem 4. Let NP be the Pauli channel with a proba-
bility distribution {pij}. Then Υ(NP ) = 4/k, where k is
the number of nonzero probabilities pij.
Proof. Since the CJ matrix of NP is
1∑
i,j=0
pij
(
I ⊗X iZj) |Φ〉 〈Φ| (I ⊗X iZj)† ,
and
(
I ⊗X iZj) |Φ〉’s are mutually orthogonal and (un-
normalized) maximally entangled states, the projection
PAB associated with the channel NP is the sum of k mu-
tually orthogonal and maximally entangled states as one-
dimensional projections which is of the form in Eq. (6).
Thus by Lemma 3, it is clear that
Υ(NP ) = Υ(PAB) = 4/k.
The (asymptotic) QNS assisted zero-error classical ca-
pacity CQNS0 (N ) of a quantum channel N is defined by
CQNS0 (N ) = lim
n→∞
1
n
logΥ(N⊗n). (7)
Since it is not hard to show that logΥ is additive for
Pauli channels, we directly have the following corollary.
Corollary 5. For Pauli channels NP , CQNS0 is additive,
and CQNS0 (NP ) = log(4/k), where k is the number of
nonzero probabilities pij.
Remark 6. The arguments in this subsection can be ap-
plied to higher dimensional Pauli channels as well. Then
we can also calculate the QNS assisted zero-error classical
capacities for generalized Pauli channels.
B. Nonunital qubit channels
We now show that the value of Υ is one for nonunital
qubit channels. This means that in the one-shot setting,
nonunital qubit channels cannot send any message with
zero probability of error even when assisted by QNS cor-
relations.
Theorem 7. For any nonunital qubit channel N ,
Υ(N ) = 1.
Proof. Assume that Υ(N ) > 1, then we will show that
N must be unital. Let JAB be the CJ matrix of a qubit
channel N . We note that TrB JAB = IA, since N is a
quantum channel, and that TrA JAB = IB if and only if
N is unital. Moreover, rank(JAB) < 4, since otherwise
PAB = IAB, and so Υ(PAB) = 1.
We first suppose that rank(JAB) = 1. Then JAB =
α |φ〉 〈φ| for some α > 0 and some state |φ〉. Since
TrB JAB = IA, |φ〉 is maximally entangled. Thus,
TrA JAB = IB , and so N is unital.
We now suppose that rank(JAB) = 3. Then PAB =
IAB − |ψ〉 〈ψ| for some state |ψ〉. Since Υ(PAB) > 1,
there exist SA with TrSA > 1 and UAB satisfying the
constraints (2), (3), and (4). Then SA ⊗ IB − UAB =
3α |ψ〉 〈ψ| for some α > 0. By tracing out the system A,
we can see that |ψ〉 must be maximally entangled. Up to
local unitary, we may assume that PAB = IAB−|φ+〉 〈φ+|
and JAB =
∑3
i=1 αi |φi〉 〈φi|, where
∑
i αi = 2 with αi >
0, |φ+〉 = (|00〉 + |11〉)/√2, and |φi〉 are orthogonal to
|φ+〉. Since TrA |ψ〉 〈ψ|+(TrB |ψ〉 〈ψ|)T = I for any state
|ψ〉 orthogonal to |φ+〉, TrA JAB = 2I− (TrB JAB)T = I.
Thus, N is unital.
Let us assume that rank(JAB) = 2 in the rest of this
proof. Without loss of generality, let
JAB = r |ψ1〉 〈ψ1|+ (2− r) |ψ2〉 〈ψ2| ,
where 0 < r ≤ 1, and |ψ1〉 =
√
λ |00〉 +√1− λ |11〉 and
|ψ2〉 =
∑1
i,j=0 aij |ij〉 are orthogonal states for 0 ≤ λ ≤
1/2. Since |ψ1〉 and |ψ2〉 are orthogonal,
a11 = −
√
λ
1− λa00. (8)
Since TrB(JAB) = IA,
a00a
∗
10 + a01a
∗
11 = 0 (9)
and
r(1 − 2λ) = (2− r)(2|a00|2 + 2|a01|2 − 1). (10)
Since 0 < r ≤ 1 and λ ≤ 1/2, it follows from Eq. (10)
that
|a00|2 + |a01|2 ≥ 1/2. (11)
We divide the remaining proof into three cases ac-
cording to the values of a01 and a00; (Case 1) a01 = 0,
(Case 2) a00 = 0, and (Case 3) a00 6= 0 and a01 6= 0.
(Case 1) From Eqs. (9) and (11), a10 = 0. Then |ψ2〉 =
a00 |00〉+ a11 |11〉, and TrA JAB = TrB JAB = I.
(Case 2) By Eq. (8), a11 = 0. Then we can choose an
orthonormal basis {|ψ3〉 , |ψ4〉} for the subspace orthog-
onal to PAB, where |ψ3〉 =
√
1− λ |00〉 − √λ |11〉 and
|ψ4〉 = a∗10 |01〉 − a∗01 |10〉. Let SA and UAB satisfy the
constraints (2), (3), and (4). By the constraints (2) and
(4),
SA ⊗ IB − UAB = a |ψ3〉 〈ψ3|+ b |ψ4〉 〈ψ4|
+c |ψ3〉 〈ψ4|+ c∗ |ψ4〉 〈ψ3| (12)
for some a, b ≥ 0 and c ∈ C. Tracing out the system A
on both sides of Eq. (12), by the constraint (3), we can
obtain a(1 − 2λ) = b(1 − 2|a01|2) and |a01|2 ≤ 1/2. By
Eq. (11), |a01|2 = 1/2, and so |ψ2〉 is maximally entan-
gled. Moreover, from Eq. (10), we can see that |ψ1〉 is
also maximally entangled. Thus, TrA JAB = IB .
(Case 3) Since Υ(N ) > 1, there are SA with TrSA > 1
and UAB satisfying the constraints (2), (3), and (4). By
the constraints (2) and (4),
SA ⊗ IB − UAB = α |ψ3〉 〈ψ3|+ β |ψ4〉 〈ψ4| , (13)
where {|ψ3〉 , |ψ4〉} is an orthonormal basis for the sub-
space orthogonal to PAB and α, β ≥ 0. Let |ψ3〉 =∑1
i,j=0 bij |ij〉 and |ψ4〉 =
∑1
i,j=0 cij |ij〉. Since |ψ3〉 is
orthogonal to |ψ1〉 and |ψ2〉, we can note that
b11 = −
√
λ
1− λb00, (14)
a∗01b01 = −
a∗00b00
1− λ − a
∗
10b10. (15)
Similar equations hold for the coefficients of |ψ4〉.
Tracing out the system A on both sides of Eq. (13), by
the constraint (3),the following three equalities can be
obtained.
TrSA − 1 = α(|b00|2 + |b10|2)
+β(|c00|2 + |c10|2), (16)
TrSA − 1 = α
(
λ|b00|2
1− λ + |b01|
2
)
+β
(
λ|c00|2
1− λ + |c01|
2
)
, (17)
0 = α
(
b00b
∗
01 −
√
λ
1− λb
∗
00b10
)
+β
(
c00c
∗
01 −
√
λ
1− λc
∗
00c10
)
. (18)
Multiply both sides of Eq. (16), Eq. (17), and Eq. (18) by
−λ|a01|2, (1−λ)|a01|2, and a∗00a01, respectively. Then we
can obtain from Eqs. (8), (9), (14), and (15) that their
sum becomes
(1− 2λ)|a01|2(TrSA − 1) = 0.
Thus, λ = 1/2, and so |ψ1〉 is maximally entangled.
Moreover, by Eq. (9) and (10), we can see that |ψ2〉 is
also maximally entangled. Hence, TrA JAB = IB, and
This completes the proof.
Remark 8. It is clear by Lemma 1 that for nonuni-
tal qubit channels, MQNS0 = 1, and so the one-shot
(entanglement-assisted) zero-error classical capacity is
also one for nonunital qubit channels.
III. RELATIONS TO THE
ENTANGLEMENT-ASSISTED ZERO-ERROR
CLASSICAL CAPACITIES
In this section, we show that MQNS0 is equals to the
one-shot entanglement-assisted zero-error classical ca-
pacity MSE0 for qubit channels. This says that shared
entanglement is sufficient to achieveMQNS0 (N ) for qubit
channels N .
It has been known that for a quantum channel N ,
MSE0 (N ) depends only on its associated subspace called
4the noncommutative graph of N [12]. Precisely, the asso-
ciated subspace S is defined by S ≡ span{E†iEj}, where
Ei are Kraus operators of the channel N . Thus, to com-
pareMQNS0 withMSE0 , we need to reformulate the results
in the previous section in terms of the noncommutative
graphs.
For a quantum channelN with Kraus operatorsEi, de-
fine the Kraus operator space K of N as K ≡ span{Ei}.
We note that S = span{G†jGk} for any orthonormal ba-
sis {Gj} ofK, and that there exists an orthonormal basis
{Fj} for K such that the CJ matrix JAB of N can be
expressed as JAB =
∑
j aj(I⊗Fj)|Φ〉 〈Φ|(I⊗Fj†), where
aj > 0 [8]. Then we obtain the following theorem.
Theorem 9. For any qubit channel N , let S be the non-
commutative graph of N . Then MQNS0 (N ) = 4/dim(S).
Proof. First, let us consider unital qubit channels. As
stated at the beginning of the previous section, it is suf-
ficient to consider Pauli channels. Let NP be a Pauli
channel with the probability distribution {pij}, and let
k be the number of nonzero probabilities pij . It is easy
to calculate the dimension of the noncommutative graph
S of NP according to k. Indeed, when k = 1, 2, 3, and
4, dim(S) = 1, 2, 4, and 4, respectively. By Theorem 4,
MQNS0 (NP ) = 4/dim(S).
We now consider nonunital qubit channels. By Theo-
rem 7, it is sufficient to show that dim(S) = 4. Let JAB
be the CJ matrix of a nonunital qubit channel N . Then
rank(JAB) > 1, since otherwise the associated channel
must be unital as in the proof of Theorem 7. When
rank(JAB) = 4, the associated projection PAB is equals
to I, and so it is clear that dim(S) = 4.
Assume that rank(JAB) = 2 or 3. Let
JAB =
3∑
i=1
ri(I ⊗ Fi)|Φ〉 〈Φ|(I ⊗ Fi†),
where r1, r2 > 0, r3 ≥ 0,
∑3
i=1 ri = 2, and {Fi} is
an orthonormal basis for the Kraus operator space K
of N . Without loss of generality, we can let F1 =√
a |0〉 〈0| + √1− a |1〉 〈1|, F2 =
∑1
s,t=0 bst |s〉 〈t|, and
F3 =
∑1
s,t=0 cst |s〉 〈t|, where 1/2 ≤ a ≤ 1 and bst, cst ∈
C. We note that when r3 = 0, it becomes the case of
that rank(JAB) = 2 , and that TrA JAB 6= IB , since N is
nonunital.
From the orthonormality of {Fi}, we obtain the follow-
ing equalities
0 =
√
ab00 +
√
1− ab11, (19)
0 =
√
ac00 +
√
1− ac11, (20)
0 = a(b∗01c01 + b
∗
10c10) + b
∗
11c11, (21)
a = a
(|b01|2 + |b10|2)+ |b11|2, (22)
a = a
(|c01|2 + |c10|2)+ |c11|2. (23)
Since N is a quantum channel, TrB JAB = IA, which
gives the following equalities
1 = r1a+ r2(|b00|2 + |b10|2) + r3(|c00|2 + |c10|2), (24)
0 = r2(b
∗
00b01 + b
∗
10b11) + r3(c
∗
00c01 + c
∗
10c11). (25)
First, let us consider when a = 1/2. By Eqs. (19)
and (20), b00 = −b11 and c00 = −c11. Then TrA JAB =
TrB JAB = I, hence this is a contradiction to being
nonunital.
Let us now assume that a 6= 1/2 and rank(JAB) = 3,
that is, r3 > 0. We consider the matrix M0 whose
columns are
∣∣∣F †i Fj〉, where 1 ≤ i, j ≤ 3 and |A〉 ≡∑1
s,t=0 ast |s〉 |t〉 for a matrix A =
∑1
s,t=0 ast |s〉 〈t|. Then
by applying elementary operations properly on M0 we
obtain the following matrix
M =


1 0 0
0 1 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 z
0 0 z∗
M1 M2 M3

 , (26)
where
M1 =
( √
ab01
√
1− ab∗10√
1− ab10 √ab∗01
)
, (27)
M2 =
( √
ac01
√
1− ac∗10√
1− ac10 √ac∗01
)
, (28)
M3 =
(
b∗00c01 + b
∗
10c11 b01c
∗
00 + b11c
∗
10
b∗01c00 + b
∗
11c10 b00c
∗
01 + b10c
∗
11
)
, (29)
z = c∗00c01 + c
∗
10c11. (30)
We will show that rank(M) = 4, that is, dim(S) = 4.
To do this, we suppose that rank(M) < 4. Then we note
that any two-by-two submatrix of the lower-right block of
M consisting of M1, M2, and M3 has zero determinant.
Assume that a = 1. By Eqs. (19) and (20), b00 = 0 =
c00. Since det(M3) = 0,
|b10|2|c11|2 = |b11|2|c10|2. (31)
Since det(M1) = 0 and det(M2) = 0, from
Eqs. (21), (22), and (23),
|b10|2|c10|2 = |b11|2|c11|2, (32)
|b10|2 + |b11|2 = |c10|2 + |c11|2 = 1. (33)
It is straightforward from Eqs. (31), (32), and (33) to
obtain the following equalities
|b10|2 = 1/2 = |c10|2. (34)
Then, from Eq. (24), r1 = 0. This is a contradiction, and
hence rank(M) = 4.
Assume that 1/2 < a < 1. Since det(M1) = 0 and
det(M2) = 0,
|b01|2 = 1− a
a
|b10|2, (35)
|c01|2 = 1− a
a
|c10|2. (36)
5Then, from (22) and (23),
|b10|2 + |b11|2 = a = |c10|2 + |c11|2. (37)
Since det
( √
ab01
√
ac01√
1− ab10
√
1− ac10
)
= 0,
b01c10 − b10c01 = 0, (38)
and since det
( √
ab01
√
1− ac∗10√
1− ab10 √ac∗01
)
= 0, from
Eq. (21),
b10c
∗
10 + b11c
∗
11 = 0. (39)
Since det
( √
ab01 b
∗
00c01 + b
∗
10c11√
1− ab10 b∗01c00 + b∗11c10
)
= 0, by
Eqs. (19), (20), (35), and (38),
√
1− a|b10|2c11 =
√
ab10b
∗
11c01. (40)
Then, from Eqs. (36) and (37), we obtain
|b10|(|b10| − |c10|) = 0. (41)
Thus, b10 = 0 or |b10| = |c10|.
Suppose that b10 = 0. By Eqs. (19), (20), (37),
and (39), it is not hard to show that |b00|2 = 1 − a
and |c00|2 + |c10|2 = a. From Eq. (24), r3 = 0. This
is a contradiction, and so b10 6= 0 and |b10| = |c10|. By
Eqs. (35), (36), (37), and (39), |bst|2 = a/2 = |cst|2 for
any s, t ∈ {0, 1}. From Eq. (24), a = 1/2. This is a
contradiction, and so rank(M) = 4.
We now assume that a 6= 1/2 and rank(JAB) = 2 in the
rest of this proof. As in the case of that rank(JAB) = 2,
let us consider the matrix whose columns are
∣∣∣F †i Fj〉,
where 1 ≤ i, j ≤ 2. Then by applying elementary opera-
tions properly we obtain the following matrix
N =


1 0 0 0
0 1 0 0
0 0
√
ab01
√
1− ab∗10
0 0
√
1− ab10 √ab∗01

 , (42)
Suppose that rank(N) < 4. Then since det(N) = 0,
a|b01|2 − (1 − a)|b10|2 = 0. (43)
By Eq. (25),
|b00|2|b01|2 = |b10|2|b11|2. (44)
Then from Eqs. (19), (22), and (43),
|b10|2(a− |b10|2) = 0. (45)
If b10 = 0, by Eq. (43), b01 = 0, and so TrA JAB =
TrB JAB = I. This is a contradiction, and hence |b10|2 =
a. By Eqs. (19), (22), and (43), |b00|2 + |b10|2 = a.
Then by Eq. (24), a = 1/2, which implies being uni-
tal. Therefore, we can conclude that rank(N) = 4, and
hence dim(S) = 4.
SinceMSE0 (N ) depends on the noncommutative graph
S of the channel N , MSE0 (N ) can be denoted by
MSE0 (S). For quantum channels with qubit inputs, that
is, noncommutative graphs S ⊂ L(C2), MSE0 (S) and
the (asymptotic) entanglement-assisted zero-error clas-
sical capacity CSE0 (S) can be obtained from Ref. [12] as
in the following proposition.
Proposition 10. For a noncommutative graph S ⊂
L(C2), CSE0 (S) = logMSE0 (S). Moreover, when
dim(S) = 1, 2, 3, and 4, MSE0 (S) = 4, 2, 2, and 1, re-
spectively.
In fact, as shown in the proof of Theorem 9, dim(S) 6=
3 for qubit channels. From Theorem 9 and Proposi-
tion 10, we directly obtain the following corollary.
Corollary 11. For any qubit channel N , MSE0 (S) =
MQNS0 (N ) and CSE0 (N ) = logMQNS0 (N ).
Remark 12. Corollary 11 means that QNS correlations
are not more powerful than shared entanglement for a
single use of a qubit channel.
IV. CONCLUSION
We have considered the one-shot QNS assisted zero-
error classical capacities MQNS0 of qubit channels. First,
we have calculated the exact values of MQNS0 for Pauli
channels and nonunital qubit channels, and then we have
shown that MSE0 (S) =MQNS0 (N ) for any qubit channel.
Moreover, we can present examples of quantum chan-
nels N such that CSE0 (N ) = 0 < CQNS0 (N ). (Such exam-
ples for classical channels were already known [7]). This
implies that QNS correlations can make useless channels
useful although the shared entanglement cannot do so.
Let us consider Pauli channels with three nonzero prob-
ability pj . Then Theorem 4 and Corollary 5 shows that
logMQNS0 = 0 < log(4/3) = CQNS0 . By Corollary 11, we
can obtain the inequality CSE0 = 0 < CQNS0 .
Another example is the (nonunital) extremal qubit
channel N (·) =∑2j=1 Ej · E†j , where E1 = cos θ |0〉 〈0|+
cosϕ |1〉 〈1|, E2 = sinϕ |0〉 〈1|+ sin θ |1〉 〈0|, and θ, ϕ ∈ R
with cos2 θ 6= cos2 ϕ [14]. By the criterion for deter-
mining whether CQNS0 = 0 in Ref. [8], we can see that
CQNS0 > 0, while CSE0 = 0 by Theorem 7 and Corollary 11.
There are many questions about CQNS0 . One of them is
determining the value of CQNS0 for quantum channels. In
fact, the explicit value of CQNS0 is yet unknown, even for
the above nonunital extremal qubit channels. Another
is the additivity of CQNS0 . For any unital qubit channel,
CQNS0 is additive by Corollary 5. Moreover, CQNS0 is ad-
ditive for any classical-quantum channel [8]. However, it
is not known that the additivity holds for any quantum
channel. Although the above questions are proved for
unital qubit channels in this paper, our work could shed
light on the mentioned problem.
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